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Topology-based Simpli�cation for Feature Extraction from 3D Scalar Fields
Category: Research

Figure 1: Topology simpli�cation applied on electron density data for a hydrogen atom: the input has a large number of critical points, several
of which are identi�ed as being insigni�cant and removed by repeated application of two atomic operations. Features are identi�ed by the
surviving critical points and enhancedin a volume rendered image by an automatically designedtransfer function.

ABSTRACT

Thispaperdescribesatopologicalapproachfor simplifying contin-
uousfunctionsde�ned on volumetricdomains.TheMorse-Smale
complex providesasegmentationof thedomaininto monotonicre-
gionshaving uniform gradient�o w behavior. We presenta com-
binatorial algorithm that simpli�es the Morse-Smalecomplex by
repeatedapplicationof two atomicoperationsthatremovespairsof
critical points.Thesimpli�cation procedureleavesimportantcriti-
calpointsuntouched,andis thereforeusefulfor extractingfeatures.
Wepresentavisualizationof thesimpli�ed topology.

CR Categories: I.3.5 [ComputerGraphics]:ComputationalGe-
ometryandObjectModeling;I.3.6 [ComputerGraphics]:Method-
ologyandTechniques;

Keywords: Morse theory, Morse-Smalecomplexes, computa-
tional topology, multiresolution,simpli�cation, featuredetection,
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1 I NTRODUCTI ON

Scienti�c dataarebecomingincreasinglycomplex andrequireso-
phisticatedhierarchicalrepresentationsfor their effective explo-
ration. In the processof creatingsucha hierarchy, it is highly
desirablethat importantfeaturesbe identi�ed andpreservedwhile
insigni�cant featuresberemovedearly. Notethatnoisein thedata
couldalsobeinterpretedasa feature,albeitonewith relatively low
importance.A crucial ingredientof any hierarchy building process
is theorderingof featuresbasedon signi�cance. Currentmethods
typically adoptageometricapproachwherethenumericalerroras-
sociatedwith the the simpli�ed model is usedas the measureof
approximationquality. Any removal of topologicalfeaturescaused
by thesemethodsis incidentalandnotalwayscontrolled.Weadopt
amoredirectapproachby explicitly identifyingthetopologicalfea-
tures,orderingthem,andremoving featuresin orderof increasing
signi�cance.

Relatedwork. Scienti�c datais usuallyrepresentedasasetof dis-

cretesamplesof a continuousfunctionde�ned on a two- or three-
dimensionaldomain. A continuousfunction is obtainedby inter-
polatingthe sampleswithin an underlyingmesh. In orderto han-
dle the increasinglylargedatasetsef�ciently for visualizationpur-
poses,several methodshave beenproposedto simplify themi.e.,
reducesizeandcomplexity. Thesemethodstypically decimatea
meshby repeatedapplicationof a fundamentaloperation,themost
successfulonebeingedgecontraction[10]. The error introduced
by edgecontractionis computedasthesumof distancesto planes
associatedwith endpointsof the contractededge[7]. Originally
developedfor surfacemeshes,edgecontractionhasbeensuccess-
fully extendedto tetrahedralmeshes[3, 13] andhigher-dimensional
meshes[8]. A purelygeometricapproachto simpli�cation is com-
patiblewith but not a substitutefor topologysimpli�cation. In the
caseof areal-valuedfunctionde�nedona3D domain,thetopolog-
ical featuresarecreated/destroyedby critical pointsof thefunction
andde�ne isosurfacebehavior. Two datastructureshave beenpro-
posedin the literaturefor storingthesetopologicalfeatures:Reeb
graphsandMorse-Smalecomplexes. The Reebgraph[14] traces
componentsof isocontours/isosurfacesasthey sweepthe domain.
It hasbeenusedto guidetheremoval of topologicalfeatures[9, 18].
Reebgraphbasedmethodswork within alocalneighborhoodof the
domainduringbothfeatureidenti�cation andsimpli�cation stages.
TheMorse-Smalecomplex [16] decomposesthedomainof a func-
tion into regions having uniform gradient�o w behavior. It has
beenusedrecentlyto performcontrolledsimpli�cation of topology
for functionsde�ned on 2-manifolds[2]. Theuseof Morse-Smale
complex to guidedatasimpli�cation enablesthis techniqueto pro-
vide a global view of the function whenit detects,ordersandre-
movesfeatures.We extendthis approachfor simplifying functions
de�ned on3-manifolds.

Results. We perform explicit removal of topologicalfeaturesof
a function to constructa hierarchicalrepresentation.We extend
the resultsof Bremeret al. [2] and Edelsbrunneret al. [5] to 3-
manifoldsby following their approachandintroducingnew ideas
to addressissuesthatarisedueto theaddedcomplexity of features
in 3D domains.Theextensionis madenon-trivial by thepresence
of two differenttypesof saddlesin 3-manifolds.For 2-manifolds,
simpli�cation of thefunctionusingtheMorse-Smalecomplex is ac-
complishedby repeatedcancellationof critical point pairs,oneof
whichis asaddleandtheotheranextremum(minimum/maximum).
Thepresenceof a new typeof saddlein 3D createstheneedfor an
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Figure 2: Local pictures of a regular point and the four types of critical points (minimum, 1-saddle, 2-saddle, and maximum) with shaded
oceans,white continents and integral lines.

additionaltypeof cancellation.We introducea saddle-saddlecan-
cellationandextendthesaddle-extremumcancellationto 3D, to ob-
tain two atomicoperationsthatsimplify thefunction.Repeatedap-
plicationof thesetwo operationson orderedpairsof critical points
resultsin a hierarchy. Critical point pairsareorderedbasedon the
notionof persistence[6], whichmeasurestheimportanceof theas-
sociatedtopologicalfeature.Weapplyourmethodto dataobtained
from variousapplicationareasto demonstratethepower of our ap-
proach.

2 M ORSE THEORY

Our algorithmsarebasedon Morse theory, which wasoriginally
developedfor smoothfunctions.In thissection,wegiveabrief de-
scriptionof Morsetheoreticideasessentialto this paperandtheir
extensionto piecewise-linear(PL) functionsde�ned over tetrahe-
dral meshes.We refer to thepaperby Edelsbrunneret al. [4] for a
comprehensivedescriptionof thisextensionto PL functions.Morse
theoryis discussedin detailby Milnor [12] andMatsumoto[11].

Critical points. Let M beacompact3-manifoldand f : M ! R be
a real-valuedsmoothmapde�ned on M. f is a Morsefunctionif
noneof its critical pointsaredegenerate(i.e., theHessianmatrix is
non-singularfor all critical points)andno two critical pointshave
the samefunction value. The MorseLemmastatesthat a Morse
functionhasquadraticbehavior within a local neighborhoodof ev-
ery non-degeneratecritical point p. This fact immediatelycharac-
terizescritical points. Figure2 shows local neighborhoodsof the
four typesof non-degeneratecritical points. Thecriticality of p is
characterizedby thestructureof theoceans, consistingof pointsx
onthespherearoundp with f (x) < f (p), andcontinents, consisting
of pointsx on thespherewith f (x) > f (p). Theindex of a critical
point is equalto thenumberof negative eigenvaluesof theHessian
matrix. Therefore,minima,1-saddles,2-saddles,andmaximahave
indicesequalto 0;1;2; and3, respectively.

Morse-Smalecomplex. An integral line of f is a maximalpathin
M whosetangentvectorsagreewith thegradientof f ateverypoint
of thepath.Eachintegral line hasanaturalorigin anddestinationat
critical pointsof f wherethegradientbecomeszero.Ascendingand
descendingmanifoldsareobtainedasclustersof integral lineshav-
ing commonorigin anddestinationrespectively. TheMorse-Smale
complex partitionsM into regionsby clusteringintegral lines that
sharecommonorigin anddestination.For example,the3D cellsof
the Morse-Smalecomplex clusterintegral lines that originateat a
givenminimumandterminateatanassociatedmaximum.Thecells
of differentdimensionsarecalledcrystals,quads,arcs,andnodes.
NotethattheMorse-Smalecomplex is anoverlayof ascendingand
descendingmanifolds,which individually partitionM aswell.

Cancellation. A minimal Morsefunction is generatedfrom f by
repeatedcancellationof pairsof critical points. This operationis
legal (i.e., it canberealizedby a local perturbationof thegradient

Figure 3: The boundary of a crystal in the Morse-Smale complex
consists of lower-dimensional cells: quads, arcs, and nodes. Every
crystal has a unique origin and destination node, the minimum and
maximum, respectively, which are end points of integral lines lying
within.

vector �eld) if the indicesof the two critical pointsdiffer by one
andthey areconnectedby acommonarcin theMorse-Smalecom-
plex. Cancellationsin Morsetheoryplay a crucial role in proving
importantresults,includingthegeneralizedPoincaŕeconjecturefor
higherdimensions[15]. Our useof cancellationsis obvious: we
usethemto reducethenumberof critical pointsandhenceremove
topologicalfeatures.Thelocalchangein theMorse-Smalecomplex
indicatesthesmootheningof thegradientvector�eld andhenceof
the function f . Theorderingof critical point pairsis givenby the
notionof persistence,which quanti�es theimportanceof thetopo-
logical featureassociatedwith a pair. Thepersistenceof a critical
pointpair is de�nedastheabsolutedifferencein valueof f between
thetwo points.

Piecewise-linearfunctions. Scienti�c datais typically availableas
adiscretesampleoverasmoothmanifoldM. Thesmoothmanifold,
in this case,is representedby a triangulation.Let K bea triangula-
tion of thegiven3-manifoldM. Theunderlyingspaceof K, jj K jj, is
homeomorphicto M. K consistsof simplicesof dimension0,1,2,
and3, which we refer to asvertices, edges, triangles, andtetrahe-
dra. Thesphericalneighborhoodof a vertex v is representedby a
triangulationof its vertex neighbors.Edgesandtrianglesin this tri-
angulation,calledthe link of v , areexactly the facesof tetrahedra
thatcontainv. Let f : jj K jj ! R beacontinuousfunctionthatis lin-
earwithin eachsimplex of K. Assumingthevalueof f is givenat
thevertices,we linearly extendit within thesimplex. Oceanscon-
sistof simplicesin thelink wheref assumesvalueslowerthanf (v).
We countthenumberof componentsandtunnelsin theocean,us-
ing reducedBetti numbers,to distinguishregularfrom critical ver-
ticesandto classifythe latter. Gradients,andhenceintegral lines,
arenot well de�ned for PL functions.However, monotoniccurves
andsurfacescorrespondingto arcsandquadsof theMorse-Smale
complex canbeconstructedby simulatingaseparationbetweenin-
tegral lines that merge [4]. The function f hasits critical points
at the nodesof this complex andis monotonicwithin all the arcs,
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Figure 4: Snapshot of the Morse-Smale complex before (left) and after (right) a saddle-maximum cancellation. Upon removal of a saddle-
maximum pair, all ascendingarcs and disks 
o wing into the maximum 
o w into the secondmaximum connected to the 2-saddle.

quads,andcrystalsof the Morse-Smalecomplex. We work with
this decompositionof K to obtainpairsof critical pointsthatareto
becanceledastheboundarynodesof acommonarc.

3 SI M PL I FI CATI ON

We simplify theMorse-Smalecomplex of a givenMorsefunction
f by performinga seriesof critical pointpair cancellations.A can-
cellationsimulatesthesmoothingof f by modifyinggradient�o ws
in theneighborhoodof two critical points.Arcs connectingcritical
pointsarelines of steepestdescentor ascentandthereforechang-
ing themaffectsthegradient�o w behavior of the function. Rules
thatapplyto gradient�o w mustbeadheredto in thesimpli�cation
process.For example,integral linesmustremaindisjoint.

Critical point pairsthat we considerareendpointsof an arc in
theMorse-Smalecomplex andthereforehave consecutive indices.
Wegroupthepairsinto two types:saddle-extremum(indices1 and
0 or indices2 and3) andsaddle-saddle(indices1 and2). Thetwo
typesof cancellationsare distinct in how they modify the gradi-
ent �o w behavior of the function. The cancellationprocedureis
analogousto vertex removal in meshsimpli�cation, with a pair of
critical pointsbeingremoved now insteadof a singlevertex, and
the reconnectionof the complex governedby rulesof Morsethe-
ory ratherthanmeshgeometry. For reasonsof clarity, we illustrate
thetwo typesof cancellationsusingprototypical�gures of Morse-
Smalecomplexes.Thedescription,however, holdsfor all possible
con�gurations.

Saddle-extremum cancellation. The saddle-extremum cancel-
lation removes either a 2-saddle-maximumpair or a 1-saddle-
minimum pair. Clearly, the two pairs are dual to eachother as
can be seenby negating the function; maximabecomeminima,
2-saddlesbecome1-saddlesand vice-versa. We restrict our dis-
cussionbelow to 2-saddlesand maxima. A 2-saddle,by de�ni-
tion, is connectedby ascendingarcsto exactly two maxima.When
one of thesemaximais removed in a saddle-maximumcancella-
tion, integral lines endingat this maximum�o w toward the sec-
ond maximum. We think of a saddle-maximumcancellationasa
merging of threecritical pointsinto onemaximum. Applying the
saddle-maximumcancellationsimpli�es the functionby removing
a “bump”. Figure4 shows how theintegral linesterminatingat the
two maxima�o w into theexistingmaximumaftercancellation.

The saddle-maximumcancellation is similar to its two-
dimensionalanalog,which is alsointerpretedasamergingof three
critical points. Therefore,it is not surprisingthat, as done for
2D Morse-Smalecomplexes,we alsomergecells to reconnectthe

complex. We mergecells in the ring aroundthesaddle-maximum
arcwith their neighbors.Therefore,besidesremoving two critical
points, this cancellationalsoremovesseveral crystals,quads,and
arcsfrom thecomplex.

A saddle-maximumcancellationis legal only if the 2-saddleis
connectedto two distinctmaxima.If thisconditionis notmet,then
werecognizethatthecancellationcausesastrangulationof thede-
scendingdisk thatoriginatesat the2-saddle.Indeed,it is not pos-
sibleto routetheintegral linesterminatingat the2-saddleif we do
cancelsucha saddle-maximumpair. Figure5 shows this con�gu-
ration.

Figure 5: Illegal saddle-maximumcancellation: canceling the saddle-
maximum pair causesa strangulation of the blue descending disk
becauseintegral lines terminating at the 2-saddle are left without a
destination.

Saddle-saddlecancellation. The saddle-saddlecancellationre-
movesa 1-saddle-2-saddlepair. This cancellationdoesnot have an
analogin lower dimensionsandthereforeintuition from 2D does
not help. Sincea 1-saddledescendsto exactly two minima, and
a 2-saddleascendsto exactly two maxima,removing this saddle
pair introducesnew cells that �ll in spacebetweenthe two pairs
of extremato keepthemseparated.Figure6 illustratesthe oper-
ation by showing the neighborhoodbeforeandafter cancellation.
Theeasiestway to think aboutthis cancellationis to considerwhat
happensto thedescendingdisk originatingfrom the2-saddle,and
the ascendingdisk originatingfrom the 1-saddle.Upon cancella-
tion, thesetwo disksdisappearandneighboringdisksstretchout
andsharetheir boundary. We canno longerconsiderthecancella-
tion asa merging of threecritical points,aswe did for thesaddle-
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Figure 6: A saddle-saddlecancellation: the �gure on left shows the relevant descendingdisks before the cancellation. The red arc connects
the pair to be canceled. All four disks (a;b;c; and d) have two common descendingarcs (shown in green) on their boundary, both originating
from the 1-saddle to be removed. The �gure on right shows the descendingdisks that remain after cancellation. The green descendingarcs are
deleted from the boundary of the three surviving disks, which now extend and inherit the boundary of d.

maximumcancellation. Considerthe descendingdisk that is re-
moved by the cancellation.The boundaryof this disk consistsof
alternating1-saddlesandminima. Arcs lying within thedisk con-
nectthesource2-saddleto 1-saddlesontheboundary. Oneof these
1-saddlesis involvedin thecancellation.This 1-saddleandits two
descendingarcsaredeletedby thecancellation.Descendingdisks
thatcontainthe two deleteddescendingarcsin their boundaryex-
pandto sharethe boundaryof the removed disk. Similarly, one
ascendingdisk is removedandits boundaryis sharedby theneigh-
boringascendingdisks.

Thebestway to think abouthow to reconnectthecomplex after
a saddle-saddlecancellationis again in termsof ascendingandde-
scendingdisks.All surviving descendingdisksexpandto sharethe
boundaryof thedeleteddisk therebycreatingconnectionsbetween
surviving 2-saddlesand1-saddleson thenewly insertedboundary.
Similarly, surviving 1-saddlesconnectto 2-saddleson the newly
insertedboundaryof their ascendingdisks. This givesthe full re-
connectivity of thecomplex afteracancellation.

An arcconnectingtwo saddlesdoesnotguaranteeavalid saddle-
saddlecancellation. Performinga cancellationcould lead to the
formationof apouch. Thissituationoccurswhenacrystalincident
onthearchasexactlytwo quads,oneconnectingthesaddlepairto a
minimumandtheotherconnectingthemto amaximum.Removing
the 1-saddleand2-saddlecreatesa crystalwith zerosaddlesand
zero quadscorrespondingto a possiblyvalid Morse function but
resultingin aninvalid combinatorialstructurefor theMorse-Smale
complex.

The Morse-Smalecomplex actually gains cells after a saddle-
saddlecancellationbecausere-routingthedescendingdiskscreates
new intersectionsbetweenascendinganddescendingdisks. Fig-
ure7 shows thenew cellsthatarecreated.Introducingnew cellsis
counter-intuitive becausesimpli�cation actuallydoesnot leadto a
smallercomplex. Although the Morse-Smalecomplex apparently
gainscomplexity in size,thefunctionis smoothedby theremoval of
thesesaddlepairs.Also,notethatthecellsintroducedin thesaddle-
saddlecancellationare now presentwithin rings aroundsaddle-
extremumpairs. A future saddle-extremumcancellationwill re-
move all thesecells leadingto a smootherMorse function and a
smallerMorse-Smalecomplex. Thesaddle-saddlecancellationin-
troducessigni�cant complexity that is not found in lower dimen-
sions. Furthermore,the complexity of this cancellationindicates
thatfutureextensionsinto higherdimensionswill benon-trivial.

Figure 7: A new crystal intro duced by the saddle-saddlecancellation.
Ascending disks are shown in red and descendingdisks in blue. The
two quads in brighter red and blue colors lie on the face of the newly
intro duced crystal.

4 I M PL EM ENTATI ON

Storage. We follow a minimalist approachto store the Morse-
Smalecomplex during the simpli�cation process.Critical points
andarcsarestoredasa multi-graph. An arc connectstwo critical
points whoseindicesdiffer exactly by 1. The critical points are
storedin anarray. We usea skip list to storetheedges,becausewe
requireef�cient accessbothin sortedaswell asrandomorderwhile
allowing for fast insertionsanddeletions. We do not storequads
andcrystalsof thecomplex explicitly becausetheone-dimensional
representationis all we needto determinelegal cancellationsand
to performthe cancellation.Moreover, quadsandcrystalscanbe
recoveredat runtimefrom ourmulti-graphwheneverneeded.

We maintaina list of arcsorderedby the persistencevalue of
the correspondingpair of critical points. The arc having lowest
persistenceis removed from this list andits endpointsarechosen
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for cancellation.If this cancellationis recognizedasbeingillegal,
then we discardthe arc and choosethe next arc from our sorted
list. A simpli�cation is representedusing the setof arcsthat are
removed from thecomplex, thesetof new arcsthatarecreatedin
thecomplex, andthepairof critical pointsthatarecanceled.De�n-
ing thesimpli�cation in sucha way is importantto enableforward
andbackward navigation of the simpli�cation sequence.An anti-
cancellationis implementedby swappingthesetsrepresentingarcs
thatwereremovedandarcsthatwerecreated,andthecritical point
pair is re-insertedinto thecomplex. Insertionanddeletionof arcs
andcritical pointsis implementedasa simpleactivationanddeac-
tivationof simplices.

Pre-processing. GivenaPL functionde�nedonavolumetricmesh,
we �rst constructanarti�cial complex by insertingdummycritical
points at the barycentersof all simpliceswith the index of criti-
cality beingequalto thedimensionof thesimplex. All input data
points now becomelocal minima. We add new arcsconnecting
the barycenterof a simplex with the barycentersof its faces.The
dummyverticesandarcsnaturallysubdivideeachsimplex intoarcs,
quads,and crystals. Minima inherit the function value from the
correspondingdatapoint. Thedummynodesareassignedfunction
valuesso that all dummyarcshave zeropersistence.Initial can-
cellationsperformedon thisarti�cial complex removesthedummy
nodesandarcsresultingin acomplex thatrepresentsfeaturesof the
input data. A barycentricsubdivision whenappliedto a cubealso
givesanarti�cial complex with minimaat theinput datalocations.
We begin with this arti�cial complex whenthe input datais avail-
ableover a cubelattice. Figure8 illustrateshow we subdivide a
tetrahedronanda cube. We chooseto constructthe complex this

1�saddle

2�saddle

maximum

minimum

Figure 8: Creation of an arti�cial complex by subdividing tetrahedra
or cubes: dummy critical points are intro duced thereby converting
original data points into local minima. Function value at dummy
critical points is in�nitesimally larger than input data points and
therefore have very low persistencevalues.

way becauseof its simplicity asopposedto the intricatealgorithm
describedby Edelsbrunneret al. [4]. A disadvantageof starting
with this arti�cial complex is that the numberof nodesis equal
to the total numberof simplicesin the input, therebylimiting the
sizeof the datasetthat canbe ef�ciently processed.However, all
dummynodesareremoved in a pre-processingstepandtherefore
explorationof thedatais doneinteractively.

Besidesits simplicity, anotheradvantageof startingwith thear-
ti�cial complex is thatit automaticallyresolvestheissueof degen-
eratecritical points.Multiple saddles, whicharetypically unfolded
into simple1- and2-saddles,arenot presentin the arti�cial com-
plex. This is becauseeach1-saddle,at the barycenterof an edge,
now hasexactly two descendingarcsconnectingit to minimaat the
endpointsof theedge.Similarly, all 2-saddlesaresimplebecause
thereareexactly two ascendingarcsthatconnecteachoneof them
to localmaxima.Bothtypesof cancellationdonotchangethenum-
berof extremathatconnectto asaddle.Therefore,nonew multiple
saddlesare introduced. Multiple saddlesdo exist in typical input

databut our constructionforcesthe splitting of theseinto simple
saddles.

Boundary. Our input datais de�ned over a volumetricdomainin
R3. We compactifythis domainto a 3-manifoldby simulatingthe
additionof amaximumatin�nity thatconnectsto all verticesonthe
boundary. Insteadof explicitly addingthepointat in�nity andsim-
plicesconnectingit to the boundary, we createa layer aroundthe
domainconsistingof dummycritical pointsfor eachsimplex that
containsthepoint at in�nity . Thesedummycritical pointsbecome
nodesof the arti�cial complex andare removed whenwe cancel
zero-persistencepairs.We restrictall cancellationsto pairsthat lie
completelyin the interior of thedomainor within theboundaryto
ensurethatwedonotchangethetopologyof thedomain.

5 RESULTS

Wepre-processtheinputdataby �rst creatinganarti�cial complex
and then removing all dummy critical points by cancelingzero-
persistencepairs.Weperformfurthersimpli�cation of thecomplex
in aninteractiveprocessto identify features.Thearti�cial complex
thatwecreatehasa largenumberof critical pointsandis notasuc-
cinct representationof the data. After the dummycritical points
are removed, the complex provides an ef�cient representationof
featuresin thedata.Weidentify importantfeaturesasregionsasso-
ciatedwith persistentcritical points.Similarto Takahashietal [17],
weautomaticallydesignatransferfunctionto enhancescritical val-
uesthatcorrespondto thesefeatures.Our simpli�cation allows us
to limit thenumberof critical valuesaffectingthetransferfunction
to exactly thoserepresentingimportantfeatures.

Feature identi�cation. We show thatour simpli�cation technique
extractsknown featuresandremovesnoisein well-studieddatasets.
Table1 lists thedatasetsused,their sizes,andthenumberof ini-
tial critical points presentin the dataset. The �rst dataset con-
tainselectrondensitydistribution in a C4H4 molecule.After zero-
persistencecritical point pairsareremoved, thecomplex correctly
outlinesthebondstructureof theC4H4 molecule.High-persistent
maximacorrespondexactly to locationsof atomsin the molecule
andascendingarcsconnecting2-saddlesandthesemaximacorre-
spondto bondsbetweenatoms. (seeFigure 9). This correspon-
denceis a visual depictionof the topologicalapproachto identi-
fying atomsin moleculesas proposedby the AIM theory [1].

Dataset Size #Critical points Max persistence
C4H4 33� 33� 33 95 23
Fuel 64� 64� 64 219 255
Hydrogen 64� 64� 64 669 78
Neghip 64� 64� 64 1045 255
Bonsai 32� 32� 32 5053 255

Table 1: Datasets used in experiments, their dimensions,number of
critical points, and persistencevalue of largest feature.

The remainingdatasetsin Table1 areobtainedeither from sim-
ulationsor from MRI / CT scans.Visualizationof our resultsfor
thesedatasetsareshown in Figures1,10,11and12. Thehydrogen
atomdatasetgivesthespatialelectrondensityin a hydrogenatom
subjectedto a large magnetic�eld. The datasetconsistsof high
densityaroundthe nucleus,two regionsof high densityon either
side,anda torusof high densityaroundthenucleus.We correctly
identify thesefeatures.After thezero-persistencecritical pointsare
removed, therearestill two disksof saddlesseparatingthe max-
ima in thedataset,whichcorrespondsto noise.Initial cancellations
remove the spurious1-saddlesand2-saddles,leaving behindfour
maxima,which representthefour regionsof high electrondensity.

5



OnlineSubmissionID: 439

Figure 9: Atoms and bonds in the C4H4 molecule are identi�ed by
high-persistencecritical points and ascending arcs in the simpli�ed
Morse-Smalecomplex.

Distinctive featuresin thefuel, neghip,andbonsaidatasetsarere-
vealedusinga low threshold.In our experiments,we observe that
a thresholdvalueequalto 10%of themaximumpersistenceis able
to detectandremove all insigni�cant features.This is mostclearly
seenin the neghip dataset,wherewe areable to isolatethe dif-
ferentclustersof atomsautomatically. For thebonsaidataset,we
alsoseethattheshapeof thetreeis tracedby ascendingarcsof the
simpli�ed Morse-Smalecomplex.

Noiseremoval. We usesyntheticdatato illustratehow thecancel-
lationof critical pointpairsis usefulfor noiseremoval andhencea
robust identi�cation of features.We superimposecosinefunctions
with differentmagnitudesandfrequenciesto generateanoisyinput:

f (x;y;z) = cos(a x) + cos(a y) + cos(a z)
+ 0:5 (cos(4a x) + cos(4a y) + cos(4a z))
+ 0:25 (cos(8a x) + cos(8a y) + cos(8a z)) :

The high frequency componentssimulatesnoisewhereaslow fre-
quency componentarefeaturesthatwe wish to identify. Figure13
showshow thefunctionis successively smoothedby removing crit-
ical pointsbasedon persistence.High frequency noisewith lower
amplitudeis removed�rst followedby thenext tier of noise,leaving
behindthesinusoidalfunction.

6 CONCL USI ONS

We have describedan algorithm to simplify a three-dimensional
Morsefunction by cancelingpairsof critical points in its Morse-
Smalecomplex anddemonstratedits applicationto the identi�ca-
tion of featuresin volumetric scalar�elds. This topologicalap-
proachsupportsa direct manipulationof featuresincluding their
detection,ordering,andremoval during an interactive exploratory
study. The combinatorialnatureof our algorithmleadsto robust
andef�cient implementationsandhenceallowsusto performtopo-
logical analysison complex and noisy datasets. Computingthe
Morse-Smalecomplex remainsa bottleneckin our computations.
We areexploring alternatemethodsto computethe Morse-Smale
complex for large datasets. Futurework also includesdesigning
a multiresolutiondatastructurefor three-dimensionalcontinuous
functionsby performingindependentcancellationsin the Morse-
Smalecomplex. A numericalrealizationof the cancellationsdis-
cussedin this paperis a necessaryandnontrivial ingredientin the
designof a multiresolutiondatastructure. In particular, an ef�-
cientrealizationof thesaddle-saddlecancellationposesachalleng-
ing problem.

ACK NOWL EDGM ENTS

We thank David Cohen-Steinerfor suggesting the construction of
an arti®cial complex and members of the visualization and com-
puter graphics research group at the Institute for Data Analysis
and Visualization (IDAV), UC Davis for various discussions. The
C4H4 data set is available with the AIMPAC software distribution at
http://www.chemistry.mcmaster.ca/aimpac . Other data sets are
available at http://www.volvis.org . This work was supportedby
the NationalScienceFoundationundercontractACI 9624034(CAREER
Award), throughthe Large Scienti®candSoftwareDataSetVisualization
(LSSDSV) programunder contractACI 9982251,through the National
Partnershipfor AdvancedComputationalInfrastructure(NPACI) andalarge
InformationTechnologyResearch(ITR) grant;andthe NationalInstitutes
of HealthundercontractP20MH60975-06A2,fundedby theNationalInsti-
tuteof MentalHealthandtheNationalScienceFoundation.This work was
performedundertheauspicesof theU.S.Departmentof Energy by Univer-
sity of CaliforniaLawrenceLivermoreNationalLaboratoryundercontract
No. W-7405-Eng-48.

REFERENCES

[1] BADER, R. F. W. Atomsin Molecules. ClarendonPress,Oxford,
1995.

[2] BREMER, P.-T., EDELSBRUNNER, H., HAMANN, B., AND PAS-
CUCCI , V. A topologicalhierarchy for functionson triangulatedsur-
faces. IEEE Transactionson Visualizationand ComputerGraphics
10, 4 (2004),385–396.

[3] CIGNONI , P., CONSTANZA , D., MONTANI , C., ROCCHINI , C., AND

SCOPIGNO, R. Simpli®cationof tetrahedralmesheswith accurate
errorevaluation.In Proc.IEEEConf. Visualization(2000),pp.85–92.

[4] EDELSBRUNNER, H., HARER, J., NATARAJAN, V., AND PAS-
CUCCI ., V. Morse-Smalecomplexesfor piecewiselinear3-manifolds.
In Proc.19thAnn.Sympos.Comput.Geom.(2003),pp.361–370.

[5] EDELSBRUNNER, H., HARER, J., AND ZOMORODIAN., A. Hierar-
chicalMorse-Smalecomplexesfor piecewiselinear2-manifolds.Dis-
creteandComputationalGeometry30, 1 (2003),87–107.

[6] EDELSBRUNNER, H., LETSCHER, D., AND ZOMORODIAN., A.
Topologicalpersistenceand simpli®cation. Discrete and Computa-
tional Geometry28, 4 (2002),511–533.

[7] GARLAND, M., AND HECKBERT, P. S. Surfacesimpli®cationusing
quadricerrormetrics.In Proc.SIGGRAPH(1997),pp.209–216.

[8] GARLAND, M., AND ZHOU, Y. Quadric-basedsimpli®cationin any
dimension.ACM TransactionsonGraphics24, 2 (2005),to appear.

[9] GUSKOV, I ., AND WOOD, Z. Topologicalnoiseremoval. In Proc.
GraphicsInterface(2001),pp.19–26.

[10] HOPPE, H. Progressivemeshes.In Proc.SIGGRAPH(1996),pp.99–
108.

[11] MATSUMOTO, Y. An Introductionto MorseTheory. Amer. Math.
Soc.,2002.Translatedfrom Japaneseby K. HudsonandM. Saito.

[12] M ILNOR., J. MorseTheory. PrincetonUniv. Press,New Jersey, 1963.
[13] NATARAJAN, V., AND EDELSBRUNNER, H. Simpli®cationof three-

dimensionaldensitymaps. IEEE Transactionson Visualizationand
ComputerGraphics10, 5 (2004),587–597.

[14] REEB, G. Surlespointssinguliersd'uneformedepfaff compl�etement
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Figure 10: Features extracted from the fuel dataset (maximum persistence= 255): the input data is shown on the left. The middle �gure
shows the Morse-Smalecomplex after performing cancellations that remove all critical points with persistencevalue lower than 1. The �gure
on right shows features representedby critical points with persistencevalue greater than 7.4.

Figure 11: Features extracted from the neghip dataset (maximum persistence= 255): the input data has over a thousand critical points, many
of which have low persistencevaluesand are removed. The middle �gure shows the complex after all critical points with persistencevalue lower
than 1 are canceled. Canceling critical points with persistencevalue lower than 36 isolates the various clusters of atoms present in this protein.

Figure 12: Features extracted from the bonsai tree data set (maximum persistence= 255): topology-basedsimpli�cation applied to the CT
scan of a bonsai tree identi�es important features. The input data (left) is a down sampled version and has noisy regions which manifest as
clusters of critical points (middle). Removing all critical points with persistencevalue lower than 19 makes these regions smooth resulting in a
better identi�cation of features using volume rendering (right).

Figure 13: High frequency noise is detected as a set of features with low persistenceand removed by canceling pairs of critical points. Left: the
Morse-Smalecomplex of a noisy sinusoidal function. Middle and right: high frequency noise is removed after successivestagesof simpli�cation.
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