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Topology-based Simpli cation for Feature Extraction from 3D Scalar Fields

Catagyory: Research

Figure 1: Topology simpli cation applied on electron density data for a hydrogen atom: the input has a large number of critical points, several
of which are identied as being insigni cant and removed by repeated application of two atomic operations. Features are identied by the
surviving critical points and enhancedin a volume renderedimage by an automatically designedtransfer function.

ABSTRACT

This paperdescribestopologicalapproacHor simplifying contin-
uousfunctionsde ned on volumetricdomains. The Morse-Smale
compl providesa segmentatiorof thedomaininto monotonicre-
gions having uniform gradient o w behaior. We presenta com-
binatorial algorithm that simpli es the Morse-Smalecomplec by
repeatedhpplicationof two atomicoperationghatremovespairsof
critical points. The simpli cation procedurdeavesimportantcriti-
cal pointsuntouchedandis thereforeusefulfor extractingfeatures.
We present visualizationof the simpli ed topology
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1 INTRODUCTION

Scienti ¢ dataarebecomingincreasinglycomple< andrequireso-

phisticatedhierarchicalrepresentation$or their effective explo-

ration. In the processof creatingsucha hierarcly, it is highly

desirablethatimportantfeaturesbe identi ed andpreseredwhile

insigni cant featuresheremoved early Notethatnoisein the data
couldalsobeinterpretedasa feature albeitonewith relatively low

importance A crucialingredientof ary hierarcly building process
is the orderingof featuresbasedon signi cance. Currentmethods
typically adopta geometricapproactwherethenumericalerroras-
sociatedwith the the simpli ed modelis usedasthe measureof

approximatiorquality. Any removal of topologicalfeaturescaused
by thesemethodss incidentalandnotalwayscontrolled.We adopt
amoredirectapproactby explicitly identifyingthetopologicalfea-

tures,orderingthem,andremoving featuresin orderof increasing
signi cance.

Relatedwork. Scienti ¢ datais usuallyrepresentedsa setof dis-

cretesamplesof a continuousfunction de ned on a two- or three-
dimensionaldomain. A continuousfunctionis obtainedby inter-
polatingthe sampleswithin an underlyingmesh. In orderto han-
dle theincreasinglylarge dataset®f ciently for visualizationpur-
poses,several methodshave beenproposedo simplify themi.e.,
reducesize and compleity. Thesemethodstypically decimatea
meshby repeatedpplicationof a fundamentabperationthe most
successfubne beingedgecontraction[10]. The errorintroduced
by edgecontractionis computedasthe sumof distancego planes
associatedvith end points of the contractededge[7]. Originally
developedfor surfacemeshesedgecontractionhasbeensuccess-
fully extendedo tetrahedraeshe$3, 13] andhigherdimensional
mesheg8]. A purelygeometricapproacho simpli cation is com-
patiblewith but not a substitutefor topologysimpli cation. In the
caseof areal-\aluedfunctionde ned ona 3D domain,thetopolog-
ical featuresarecreated/destyed by critical pointsof thefunction
andde ne isosurcebehaior. Two datastructureshave beenpro-
posedin the literaturefor storingthesetopologicalfeatures:Reeb
graphsand Morse-Smalecomplexes. The Reebgraph[14] traces
component®f isocontours/isosuatesasthey sweepthe domain.
It hasbeenusedto guidetheremoval of topologicalfeatureq9, 18].
Reebgraphbasednethodavork within alocal neighborhoof the
domainduringbothfeatureidenti cation andsimpli cation stages.
TheMorse-Smaleomplex [16] decomposethedomainof afunc-
tion into regions having uniform gradient o w behaior. It has
beenusedrecentlyto performcontrolledsimpli cation of topology
for functionsde ned on 2-manifolds[2]. Theuseof Morse-Smale
compl to guidedatasimpli cation enableghis techniqueto pro-
vide a global view of the function whenit detects,ordersandre-
movesfeatures We extendthis approactor simplifying functions
de ned on 3-manifolds.

Results. We perform explicit removal of topologicalfeaturesof
a function to constructa hierarchicalrepresentation.We extend
the resultsof Bremeret al. [2] and Edelsbrunnegt al. [5] to 3-
manifoldsby following their approachandintroducingnew ideas
to addressssueghatarisedueto theaddedcompleity of features
in 3D domains.The extensionis madenon-trivial by the presence
of two differenttypesof saddlesn 3-manifolds. For 2-manifolds,
simpli cation of thefunctionusingtheMorse-Smaleomple is ac-
complishedby repeatedancellationof critical point pairs, one of
whichis asaddleandtheotheranextremum(minimum/maximum).
The presencef anew type of saddlein 3D createdhe needfor an
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Figure 2: Local pictures of a regular point and the four types of critical points (minimum, 1-saddle, 2-saddle, and maximum) with shaded

oceans, white continents and integral lines.

additionaltype of cancellation.We introducea saddle-saddlean-
cellationandextendthesaddle-gtremumcancellatiorto 3D, to ob-
tain two atomicoperationghatsimplify thefunction. Repeatea@p-
plication of thesetwo operationn orderedpairsof critical points
resultsin a hierarcly. Critical point pairsareorderedbasedon the
notionof persistencg6], which measuretheimportanceof theas-
sociatedopologicalfeature.We apply our methodto dataobtained
from variousapplicationareago demonstraté¢he power of our ap-
proach.

2 MORSE THEORY

Our algorithmsare basedon Morse theory which was originally
developedfor smoothfunctions.In this sectionwe give a brief de-
scriptionof Morsetheoreticideasessentiato this paperandtheir
extensionto piecavise-linear(PL) functionsde ned over tetrahe-
dral meshesWe referto the paperby Edelsbrunneet al. [4] for a
comprehensie descriptiorof this extensionto PL functions.Morse
theoryis discussedh detailby Milnor [12] andMatsumotd11].

Critical points. LetM beacompacB-manifoldandf :M ! R be
areal-waluedsmoothmapde ned on M. f is a Morsefunctionif

noneof its critical pointsaredegeneratdi.e., the Hessiarmatrix is

non-singularfor all critical points)andno two critical pointshave

the samefunction value. The Morse Lemmastatesthat a Morse
function hasquadraticdbehaior within alocal neighborhoodf ev-

ery non-dgienerateeritical point p. This factimmediatelycharac-
terizescritical points. Figure 2 shawvs local neighborhood®f the
four typesof non-dgeneratecritical points. The criticality of p is

characterizedy the structureof the oceans consistingof pointsx

onthespherearoundp with f(x) < f(p), andcontinentsconsisting
of pointsx onthe spherewith f(x) > f(p). Theindex of acritical

pointis equalto the numberof negative eigervaluesof the Hessian
matrix. Thereforeminima, 1-saddles2-saddlesandmaximahave

indicesequalto 0; 1; 2; and3, respectiely.

Morse-Smalecomplex. An integralline of f is amaximalpathin
M whosetangentvectorsagreewith thegradientof f atevery point
of thepath.Eachintegralline hasanaturalorigin anddestinatiorat
critical pointsof f wherethegradientbecomegzero.Ascendingnd
descendingnanifoldsareobtainedasclustersof integral lines hav-
ing commonorigin anddestinatiorrespectiely. The Morse-Smale
comple partitionsM into regionsby clusteringintegral lines that
sharecommonorigin anddestination For example,the 3D cells of
the Morse-Smalecomple clusterintegral lines that originateat a
givenminimumandterminateatanassociatethaximum.Thecells
of differentdimensionsarecalledcrystals,quads,arcs,andnodes
Notethatthe Morse-Smaleomplex is anoverlay of ascendingind
descendingnanifolds,whichindividually partitionM aswell.

Cancellation. A minimal Morsefunctionis generatedrom f by
repeatectancellationof pairsof critical points. This operationis
legal (i.e., it canberealizedby alocal perturbatiorof the gradient

Figure 3: The boundary of a crystal in the Morse-Smale complex
consists of lower-dimensional cells: quads, arcs, and nodes. Every
crystal has a unique origin and destination node, the minimum and
maximum, respectively, which are end points of integral lines lying
within.

vector eld) if theindicesof the two critical points differ by one
andthey areconnectedy acommonarcin the Morse-Smaleom-
plex. Cancellationsn Morsetheoryplay a crucialrole in proving

importantresults,ncludingthegeneralizedPoincaé conjecturdor

higherdimensiong15]. Our useof cancellationds obvious: we

usethemto reducethe numberof critical pointsandhenceremove

topologicalfeaturesThelocalchangen theMorse-Smaleomple

indicatesthe smootheningf the gradientvector eld andhenceof

thefunction f. The orderingof critical point pairsis givenby the
notion of persistencewhich quanti estheimportanceof thetopo-
logical featureassociatedvith a pair. The persistencef a critical

pointpairis de ned astheabsolutaifferencan valueof f between
thetwo points.

Piecewise-lineafunctions. Scienti ¢ datais typically availableas
adiscretesampleoverasmoothmanifoldM. Thesmoothmanifold,
in this casejs representetly atriangulation.Let K beatriangula-
tion of thegiven3-manifoldM. Theunderlyingspaceof K, jKj, is
homeomorphido M. K consistsof simplicesof dimension0,1,2,
and 3, which we referto asvertices edges triangles andtetrahe-
dra. Thesphericalneighborhoodf a vertex v is representedyy a
triangulationof its vertex neighbors Edgesandtrianglesin this tri-
angulationcalledthelink of v, areexactly the facesof tetrahedra
thatcontainv. Let f : jJKj! R beacontinuoudunctionthatis lin-
earwithin eachsimplex of K. Assumingthevalueof f is givenat
the vertices,we linearly extendit within the simplex. Oceanscon-
sistof simplicesin thelink wheref assumesaluedowerthanf (v).
We countthe numberof component&ndtunnelsin the ocean,us-
ing reducedBetti numbersto distinguishregularfrom critical ver
ticesandto classifythe latter Gradientsandhenceintegral lines,
arenotwell de ned for PL functions. However, monotoniccurves
andsurfacescorrespondindo arcsand quadsof the Morse-Smale
comple canbeconstructedy simulatinga separatiorbetweerin-
tegral lines that mege [4]. The function f hasits critical points
at the nodesof this comple« andis monotonicwithin all the arcs,
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Figure 4: Snapshot of the Morse-Smale complex before (left) and after (right) a saddle-maximum cancellation. Upon removal of a saddle-
maximum pair, all ascendingarcs and disks o wing into the maximum o w into the secondmaximum connected to the 2-saddle.

quads,and crystalsof the Morse-Smalecomple. We work with
this decompositiorof K to obtainpairsof critical pointsthatareto
be canceledsthe boundarynodesof acommonarc.

3 SIMPLIFICATION

We simplify the Morse-Smalecomplex of a given Morsefunction
f by performinga seriesof critical point pair cancellationsA can-
cellationsimulateghe smoothingof f by modifying gradiento ws
in the neighborhoof two critical points. Arcs connectingeritical
pointsarelines of steepestiescenbr ascentandthereforechang-
ing themaffectsthe gradient o w behaior of the function. Rules
thatapplyto gradient o w mustbe adheredo in the simpli cation
processFor example,integral lines mustremaindisjoint.

Critical point pairsthatwe considerare endpointsof anarcin
the Morse-Smalecomplex andthereforehave consecutie indices.
We groupthe pairsinto two types:saddle-gtremum(indicesl and
0 orindices2 and3) andsaddle-saddléndices1 and?2). Thetwo
typesof cancellationsare distinctin how they modify the gradi-
ent ow behaior of the function. The cancellationprocedureis
analogougo vertex removal in meshsimpli cation, with a pair of
critical points beingremoved now insteadof a single vertex, and
the reconnectiorof the complex governedby rulesof Morsethe-
ory ratherthanmeshgeometry For reason®f clarity, we illustrate
thetwo typesof cancellationsisingprototypical gures of Morse-
Smalecomplees. The descriptionhowever, holdsfor all possible
con gurations.

Saddle-extemum cancellation. The saddle-gtremum cancel-
lation removes either a 2-saddle-maximurrpair or a 1-saddle-
minimum pair. Clearly;, the two pairs are dual to eachother as
can be seenby negating the function; maximabecomeminima,
2-saddleshecomel-saddlesand vice-versa. We restrict our dis-
cussionbelown to 2-saddlesand maxima. A 2-saddle,by de ni-
tion, is connectedy ascendin@rcsto exactly two maxima.When
one of thesemaximais removed in a saddle-maximuntancella-
tion, integral lines endingat this maximum o w toward the sec-
ond maximum. We think of a saddle-maximuntancellationasa
meging of threecritical pointsinto one maximum. Applying the
saddle-maximuncancellatiorsimpli es the function by removing
a“bump”. Figure4 shavs how theintegral linesterminatingat the
two maxima o w into the existing maximumaftercancellation.
The saddle-maximumecancellation is similar to its two-
dimensionabnalogwhichis alsointerpretecasa meging of three
critical points. Therefore,it is not surprisingthat, as done for
2D Morse-Smaleomplees,we alsomeige cellsto reconnecthe

compl. We memge cellsin the ring aroundthe saddle-maximum
arcwith their neighbors.Therefore besidesemorving two critical
points, this cancellationalso removes several crystals,quads,and
arcsfrom thecomplex.

A saddle-maximuntancellationis legal only if the 2-saddleis
connectedo two distinctmaxima.lf this conditionis notmet,then
we recognizethatthe cancellatiorcauses strangulationof thede-
scendingdisk that originatesat the 2-saddle.Indeed,it is not pos-
sibleto routetheintegral linesterminatingat the 2-saddlef we do
cancelsucha saddle-maximunpair. Figure5 shaws this con gu-
ration.

Figure 5: lllegal saddle-maximum cancellation: cancelingthe saddle-
maximum pair causesa strangulation of the blue descending disk
becauseintegral lines terminating at the 2-saddle are left without a
destination.

Saddle-saddlecancellation. The saddle-saddleancellationre-
movesa 1-saddle-2-saddlgair. This cancellatiordoesnot have an
analogin lower dimensionsandthereforeintuition from 2D does
not help. Sincea 1-saddledescenddo exactly two minima, and
a 2-saddleascendgo exactly two maxima,removing this saddle
pair introducesnew cellsthat Il in spacebetweenthe two pairs
of extremato keepthemseparated.Figure 6 illustratesthe oper

ation by shaving the neighborhoodeforeand after cancellation.
Theeasiestvay to think aboutthis cancellatioris to considemwhat
happengo the descendinglisk originatingfrom the 2-saddle and
the ascendinglisk originating from the 1-saddle.Upon cancella-
tion, thesetwo disks disappeaiand neighboringdisks stretchout
andsharetheir boundary We canno longerconsiderthe cancella-
tion asa mewging of threecritical points,aswe did for the saddle-
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Figure 6: A saddle-saddlecancellation: the gure on left shows the relevant descendingdisks before the cancellation. The red arc connects
the pair to be canceled. All four disks (a;b;c; and d) have two common descendingarcs (shown in green) on their boundary, both originating
from the 1-saddleto be removed. The gure on right shows the descendingdisks that remain after cancellation. The green descendingarcs are
deleted from the boundary of the three surviving disks, which now extend and inherit the boundary of d.

maximum cancellation. Considerthe descendinglisk that is re-

moved by the cancellation. The boundaryof this disk consistsof

alternatingl-saddlesand minima. Arcs lying within the disk con-
nectthesource2-saddlgo 1-saddle®ntheboundary Oneof these
1-saddless involvedin the cancellation.This 1-saddleandits two

descendingrcsaredeletedby the cancellation.Descendinglisks
that containthe two deleteddescendingrcsin their boundaryex-

pandto sharethe boundaryof the removed disk. Similarly, one
ascendinglisk is removedandits boundaryis sharedy the neigh-
boringascendinglisks.

Thebestway to think abouthow to reconnecthe complex after
asaddle-saddleancellationis again in termsof ascending@ndde-
scendingdisks.All surviving descendinglisksexpandto sharethe
boundaryof the deleteddisk therebycreatingconnectiondbetween
surviving 2-saddlesaind1-saddlen the newly insertedboundary
Similarly, surviving 1-saddlesconnectto 2-saddleson the newly
insertedboundaryof their ascendinglisks. This givesthe full re-
connectity of thecomple afteracancellation.

An arcconnectingwo saddlesloesnotguaranteavalid saddle-
saddlecancellation. Performinga cancellationcould lead to the
formationof a poud. This situationoccurswhena crystalincident
onthearchasexactlytwo quadspneconnectinghesaddlepairto a
minimumandthe otherconnectinghemto amaximum.Remawing
the 1-saddleand 2-saddlecreatesa crystalwith zerosaddlesand
zero quadscorrespondingo a possiblyvalid Morse function but
resultingin aninvalid combinatoriaktructurefor the Morse-Smale
comple.

The Morse-Smalecomplex actually gains cells after a saddle-
saddlecancellatiorbecausee-routingthedescendingliskscreates
new intersectiondetweenascendingand descendinglisks. Fig-
ure7 shavsthenew cellsthatarecreated Introducingnew cellsis
counterintuitive becausesimpli cation actuallydoesnot leadto a
smallercomplex. Althoughthe Morse-Smalecomplex apparently
gainscompleity in size thefunctionis smoothedy theremoval of
thesesaddlepairs.Also, notethatthecellsintroducedn thesaddle-
saddlecancellationare now presentwithin rings aroundsaddle-
extremumpairs. A future saddle-gtremumcancellationwill re-
move all thesecells leadingto a smootherMorse function and a
smallerMorse-Smaleomplex. The saddle-saddleancellationin-
troducessigni cant compleity thatis not foundin lower dimen-
sions. Furthermore the compleity of this cancellationindicates
thatfuture extensiongnto higherdimensionswill benon-trivial.

Figure 7: A new crystal intro duced by the saddle-saddlecancellation.
Ascending disks are shown in red and descendingdisks in blue. The
two quadsin brighter red and blue colors lie on the face of the newly
intro duced crystal.

4 |MPLEMENTATION

Storage. We follow a minimalist approachto storethe Morse-
Smalecomplex during the simpli cation process. Critical points
andarcsare storedasa multi-graph. An arc connectgwo critical
points whoseindicesdiffer exactly by 1. The critical points are
storedin anarray We usea skip list to storethe edgespecausave
requireef cient acces$othin sortedaswell asrandomorderwhile
allowing for fastinsertionsand deletions. We do not storequads
andcrystalsof thecomplex explicitly becaus¢he one-dimensional
representatiofis all we needto determinelegal cancellationsand
to performthe cancellation.Moreover, quadsand crystalscanbe
recoseredat runtimefrom our multi-graphwheneer needed.

We maintaina list of arcsorderedby the persistencevalue of
the correspondingpair of critical points. The arc having lowest
persistencés removed from this list andits endpointsarechosen
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for cancellation.If this cancellations recognizedasbeingillegal,
thenwe discardthe arc and choosethe next arc from our sorted
list. A simpli cation is representedisingthe setof arcsthatare
removed from the comple, the setof new arcsthatarecreatedn

thecomple&, andthepair of critical pointsthatarecanceledDe n-

ing the simpli cation in suchaway is importantto enableforward
andbackward navigation of the simpli cation sequenceAn anti-
cancellatioris implementedy swappingthe setsrepresentingrcs
thatwereremoved andarcsthatwerecreatedandthe critical point
pair is re-insertednto the comple. Insertionanddeletionof arcs
andcritical pointsis implementechsa simpleactivationanddeac-
tivationof simplices.

Pre-processingGivenaPL functionde ned onavolumetricmesh,
we rst constructanarti cial comple by insertingdummycritical
points at the barycenterof all simpliceswith the index of criti-
cality beingequalto the dimensionof the simplex. All input data
points nov becomelocal minima. We add nev arcsconnecting
the barycenteiof a simplex with the barycenter®f its faces. The
dummyverticesandarcsnaturallysubdvide eachsimplex into arcs,
quads,and crystals. Minima inherit the function value from the
correspondinglatapoint. Thedummynodesareassignedunction
valuesso that all dummy arcshave zero persistence.lnitial can-
cellationsperformedonthis arti cial complex removesthedummy
nodesandarcsresultingin acomplec thatrepresentéeaturef the
input data. A barycentricsubdvision whenappliedto a cubealso
givesanarti cial complex with minimaattheinput datalocations.
We begin with this arti cial complex whenthe input datais avail-
able over a cubelattice. Figure 8 illustrateshow we subdvide a
tetrahedrorand a cube. We chooseto constructthe comple this

maximum
2 saddle
1 saddle

Oobd®

minimum

Figure 8: Creation of an arti cial complex by subdividing tetrahedra
or cubes: dummy critical points are introduced thereby converting
original data points into local minima. Function value at dummy
critical points is in nitesimally larger than input data points and
therefore have very low persistencevalues.

way becausef its simplicity asopposedo the intricatealgorithm
describedby Edelsbrunneet al. [4]. A disadwantageof starting
with this arti cial comple is that the numberof nodesis equal
to the total numberof simplicesin the input, therebylimiting the
size of the datasethat canbe ef ciently processedHowever, all

dummynodesareremoved in a pre-processingtepandtherefore
explorationof the datais doneinteractvely.

Besidesdts simplicity, anotheradvantageof startingwith the ar
ti cial compleis thatit automaticallyresohestheissueof degen-
eratecritical points. Multiple saddleswhich aretypically unfolded
into simple 1- and2-saddlesarenot presentn the arti cial com-
plex. Thisis becauseeachl-saddleat the barycenteiof anedge,
now hasexactly two descendingrcsconnectingt to minimaatthe
endpointsof the edge.Similarly, all 2-saddlesresimplebecause
thereareexactly two ascendingrcsthatconnecteachoneof them
to local maxima.Bothtypesof cancellatiordo notchangehenum-
berof extremathatconnecto a saddle. Thereforenonew multiple
saddlesare introduced. Multiple saddlesdo exist in typical input

databut our constructionforcesthe splitting of theseinto simple
saddles.

Boundary. Ourinputdatais de ned over a volumetricdomainin

R3. We compactifythis domainto a 3-manifoldby simulatingthe
additionof amaximumatin nity thatconnectdo all verticesonthe
boundary Insteadof explicitly addingthe pointatin nity andsim-

plicesconnectingt to the boundary we createa layer aroundthe
domainconsistingof dummycritical pointsfor eachsimplex that
containsthe pointatin nity . Thesedummycritical pointsbecome
nodesof the arti cial complex and are remaved whenwe cancel
zero-persistencpairs. We restrictall cancellationgo pairsthatlie

completelyin theinterior of the domainor within the boundaryto

ensurehatwe do not changethetopologyof thedomain.

5 RESULTS

We pre-processheinputdataby rst creatinganarti cial comple

and then removing all dummy critical points by cancelingzero-
persistencgairs.We performfurthersimpli cation of the comple

in aninteractize procesgo identify features Thearti cial comple

thatwe createhasa large numberof critical pointsandis notasuc-
cinct representatiorof the data. After the dummy critical points
areremoved, the comple provides an ef cient representatiorof

featuredn thedata.We identify importantfeaturesasregionsasso-
ciatedwith persistentritical points. Similarto Takahashetal [17],

we automaticallydesignatransferfunctionto enhancesritical val-

uesthatcorrespondo thesefeatures.Our simpli cation allows us
to limit the numberof critical valuesaffectingthetransferfunction
to exactly thoserepresentingmportantfeatures.

Feature identi cation. We shav thatour simpli cation technique
extractsknown featuresandremovesnoisein well-studieddatasets.
Table 1 lists the datasetsused,their sizes,andthe numberof ini-
tial critical points presentin the dataset. The rst datasetcon-
tainselectrondensitydistribution in a C4H4 molecule. After zero-
persistenceritical point pairsareremoved, the complec correctly
outlinesthe bondstructureof the C4H4 molecule. High-persistent
maximacorrespondxactly to locationsof atomsin the molecule
andascendingrcsconnecting2-saddlesandthesemaximacorre-
spondto bondsbetweenatoms. (seeFigure 9). This correspon-
denceis a visual depictionof the topologicalapproachto identi-
fying atomsin moleculesas proposedby the AIM theory [1].

Dataset || Size | #Critical points | Max persistence
C4Hy 33 33 33 95 23
Fuel 64 64 64 219 255
Hydrogen|| 64 64 64 669 78
Neghip 64 64 64 1045 255

Bonsai 32 32 32 5053 255
Table 1: Datasets usedin experiments, their dimensions, number of
critical points, and persistencevalue of largest feature.

The remainingdatasetsin Table 1 are obtainedeitherfrom sim-
ulationsor from MRI / CT scans. Visualizationof our resultsfor
thesedatasetsareshavnin Figuresl, 10,11and12. Thehydrogen
atomdatasegivesthe spatialelectrondensityin a hydrogenatom
subjectedto a large magnetic eld. The datasetconsistsof high
densityaroundthe nucleus,two regions of high densityon either
side,andatorusof high densityaroundthe nucleus.We correctly
identify thesefeatures After thezero-persistenceritical pointsare
removed, thereare still two disks of saddlesseparatinghe max-
imain thedatasetyhich correspond$o noise.Initial cancellations
remove the spuriousl-saddlesand 2-saddles|eaving behindfour
maxima,which representhe four regionsof high electrondensity
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Figure 9: Atoms and bonds in the C4H4 molecule are identi ed by
high-persistencecritical points and ascendingarcs in the simpli ed
Morse-Smalecomplex.

Distinctive featuresn thefuel, neghip, andbonsaidatasetsarere-
vealedusinga low threshold.In our experimentswe obsene that
athresholdvalueequalto 10% of the maximumpersistencés able
to detectandremove all insigni cant features.This is mostclearly
seenin the neghip dataset, wherewe are able to isolatethe dif-
ferentclustersof atomsautomatically For the bonsaidataset,we
alsoseethatthe shapeof thetreeis tracedby ascendingrcsof the
simpli ed Morse-Smaleomple.

Noiseremoval. We usesyntheticdatato illustratehow the cancel-
lation of critical point pairsis usefulfor noiseremoval andhencea
robustidenti cation of features.We superimposeosinefunctions
with differentmagnitudesndfrequencies$o generat@noisyinput:

cogax)+ cogay) + cogaz)
0:5 (cog4ax) + cog4ay) + co4az)
0:25(cog8ax) + cog8ay) + coq8az)):

fxyg =

+
+

The high frequeny componentsimulatesnoisewhereadow fre-
queny componentarefeatureshatwe wish to identify. Figure13
shavs haw thefunctionis successiely smoothedy remaoving crit-
ical pointsbasedon persistenceHigh frequeny noisewith lower
amplitudeis removed rst followedby thenext tier of noise leaving
behindthe sinusoidafunction.

6 CONCLUSIONS

We have describedan algorithmto simplify a three-dimensional
Morsefunction by cancelingpairs of critical pointsin its Morse-
Smalecomplex and demonstratedts applicationto the identi ca-
tion of featuresin volumetric scalar elds. This topologicalap-
proachsupportsa direct manipulationof featuresincluding their
detection,ordering,andremoval during aninteractive exploratory
study The combinatorialnatureof our algorithmleadsto robust
andef cient implementationsndhenceallows usto performtopo-
logical analysison complex and noisy datasets. Computingthe
Morse-Smalecomplex remainsa bottleneckin our computations.
We are exploring alternatemethodsto computethe Morse-Smale
compl for large datasets. Futurework alsoincludesdesigning
a multiresolutiondatastructurefor three-dimensionatontinuous
functionsby performingindependentancellationsn the Morse-
Smalecomple. A numericalrealizationof the cancellationglis-
cussedn this paperis a necessarandnontrivial ingredientin the
designof a multiresolutiondatastructure. In particular an ef -
cientrealizationof thesaddle-saddleancellatiorposesa challeng-
ing problem.
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Figure 10: Features extracted from the fuel dataset (maximum persistence= 255): the input data is shovn on the left. The middle gure
shows the Morse-Smale complex after performing cancellations that remove all critical points with persistencevalue lower than 1. The gure
on right shows features represented by critical points with persistencevalue greater than 7.4.

Figure 11: Features extracted from the neghip dataset (maximum persistence= 255): the input data has over a thousand critical points, many
of which have low persistencevaluesand are removed. The middle gure shows the complex after all critical points with persistencevalue lower
than 1 are canceled. Canceling critical points with persistencevalue lower than 36 isolates the various clusters of atoms presentin this protein.

Figure 12: Features extracted from the bonsai tree data set (maximum persistence= 255): topology-based simpli cation applied to the CT
scan of a bonsai tree identi es important features. The input data (left) is a down sampled version and has noisy regions which manifest as
clusters of critical points (middle). Removing all critical points with persistencevalue lower than 19 makes these regions smooth resulting in a

better identi cation of features using volume rendering (right).

Figure 13: High frequency noise is detected as a set of features with low persistenceand removed by canceling pairs of critical points. Left: the
Morse-Smalecomplex of a noisy sinusoidal function. Middle and right: high frequency noise is removed after successivestagesof simpli cation.



