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In the beginning of the course, we encountered the Chomsky Hierarchy, a
framework to classify languages into four different categories, CH-0 to CH-3.
Until now, we have only had a closer look at the most restrictive level of
the Chomsky Hierarchy: CH-3, the class of regular languages. In the last
lesson, we found out that there are languages which are not in CH-3, for
example the language {0”1” ‘ n > O} or the language R(X) of regular
expressions over the alphabet . Today we will look at CH-2, the class of
context-free languages (CFL), which includes all regular languages, and also
the two nonregular languages mentioned above.

Context-free languages are very important in practical applications; al-
most every programming language has an underlying context-free structure,
and a parser, a program to analyze the context-free structure of an input
string, is a major component of any compiler for these programming lan-
guages. The parser’s job is to break up a source program into its syntactical
parts, e. g., modules, functions, loops, blocks and expressions, and to invoke
the code generator, the program that converts syntactical structures into
machine code, on these parts independently.

Context-free languages are specified either by context-free grammars (CFG)
or by pushdown automata, a generalization of finite state machines. We will
start by having a closer look at context-free grammars.

1 Definition of Context-Free Grammars

We already defined a grammar G as a four-tuple G = (V, 3, R, S), where V
is a finite set of variables, ¥ is an alphabet with V N'X = (), R is a finite set
of rules and S € V is the start symbol. For context-free grammars, all rules



in R are of the form A — w, where A € V is a variable and w € (AU X)* is
a string of variables and terminals. If there are several rules with the same

left-hand side, e.g., A — wy, A — ws, ..., A — w,, those are often combined
into a single rule A — wy | wy | -++ | w,. The vertical bar is treated like an
“Or.”

Ifu,v,w € (AUX)* are strings of variables and terminals, and A — w € R
is a rule of G, then uAv = wwv (vAv yields vwv). If u = v, or there exists
ann > 0 and a sequence (ug, s, ..., u,) € ((AUX)*)" of strings of variables

and terminals such that © = vy = uy = --- = u,, = v, then u = v. The
language of grammar G is L(G) := {w e | S = w }

2 Example: The Language L = { o"1" ‘ n > O}

Consider the grammar G = ({S},{0,1}, R, S), where R = {S — 051 |
e}. We will now prove that this grammar exactly generates the nonregular
language L.

2.1 Direction 1: L(G) C L

The only way to generate a string of only terminals from the start symbol
of G is to apply the rule S — 051 any number of times, and then the rule
S — € exactly once. We will prove by induction that applying the first rule
any number of times will yield a string of the type 0™"S1".

Claim Applying the rule S — 051 to the start symbol S n > 0 times yields
the string 0™S1™.

Induction Basis The start symbol is S. Applying a rule zero times means
applying the rule not at all; this leaves the start symbol unchanged.
S = eSe =0°51°.

Induction Hypothesis The claim is true for some n > 0.

Induction Step Let w be the string generated by applying the rule S —
051 to the start symbol S n times. By induction hypothesis, w =
0"S1™. Since w contains exactly one occurrence of any variable (namely 5),
the only way to apply the rule one more time is to replace that occur-
rence of S by the string 0°51°. This will yield the string 0"0511" =
On+1 Sl'flri’l‘



From this follows, that any number of applications of the first rule will only
create strings still containing the variable S exactly once. The only way
to create a word in L(G) is, therefore, applying the second rule. After the
second rule has been applied once, the derived string does not contain any
more variables and must be a word in the grammar’s language. Applying
the second rule to the string 0"S51" yields the word 0"1" € L. Therefore,
L(G) C L.

2.2 Direction 2: L C L(G)

From the above induction proof, we have seen that applying the rule S — 051
to the start symbol n times, and then applying the rule S — € once, yields
the word 01", Since all the words in L are of this form, each of them can be
generated by grammar G, which means L C L(G). Together with the other
direction L(G) C L, this is equivalent to L = L(G).

3 The Language of Regular Expressions over
an Alphabet X, R(Y)

The grammar that generates R(X), the language of all (fully and correctly
parenthesized) regular expressions over the alphabet ¥, is given by G; =
(V,T,R, E), where

o V ={F} is the set of variables,
o T'=XU{U,o0,*%(,),0, ¢} is the set of terminals,
e R consists of the rules

E — (EUE)|(EoE)|(E*)|0]e€
E — a foreverya€ X, and

e I/ €V is the start symbol.

The structure of this grammar very closely resembles the recursive definition
for regular expressions we have seen earlier. This is the main reason why
context-free grammars are a very powerful tool to specify recursively defined



languages, and to relate their semantics to their syntactical structure. Writ-
ing a compiler for a programming language used to be a major undertaking
and an art form; now that the theory of context-free grammars has become
known to the compiler community, the situation has much improved. One
of the most powerful tools for compiler architects is the yacc utility (“Yet
Another Compiler Compiler”), a program that takes the description of a
context-free grammar and converts it into a C program that parses strings
from the grammar’s language and executes user-supplied program code creat-
ing its semantics. Using yacc, a compiler for a simple programming language
can literally be written in a matter of hours.

4 Parse Trees

Parse trees are a way to visualize the derivation of a word in the language
of a grammar G. A parse tree does not only show the word resulting from a
derivation, but it also shows all performed substitution steps and the order
in which they were done. Formally, parse trees are defined recursively:

Base Case If a € X U {e} is a character or the empty word, then the single
leaf node labeled a is a partial parse tree with root a.

Inductive Case If A € V is avariable, A — w € R is a rule with right-hand
side w = wwsy ... w, € (XUV)" and ty,ts,...,t, are n partial parse
trees with roots wy,ws,...,w,, respectively, then the graph obtained
by connecting a new interior node labeled A to the root of every tree t;
is a partial parse tree with root A. In the layout of the graph, the
trees t; are ordered from left to right: For all 1 < i < j < n, all nodes
of tree t; are on the left of all nodes of tree ¢;. A partial parse tree
is a parse tree if and only if its root node is labelled with the start
symbol S.

The leaves of a parse tree, read from left to right, spell out the word w € L(G)
that is generated by the parse tree. The graph is usually laid out such that all
leaves are aligned on a single line to make the generated word easily readable,
see Figure 1.

Besides visualizing the derivation of a word, parse trees also have another,
more important function: In all applications, a grammar does not only de-
fine the syntaz, i.e., the structure for all words of a language, but also the



S

S S
S S S S
(éDi) (((|3*)°(iDCI))) ((((|3°i)°cl))°i)

Figure 1: Example parse trees for words in the language R({O, 1}), as defined
by grammar G;.

semantics, i.e., the meaning of all words of the language. For example, the
grammar of regular expressions does not only say that, if Ry and Ry are reg-
ular expressions, so is (R; U Ry), but it also define the meaning of that word:
The language defined by (R; U Ry) is the union of the languages defined by
Ry and R,. Every substitution has a certain action associated with it, that
is executed in reverse order of derivation when the meaning of a word is com-
puted. Using parse trees, the actions are associated with interior nodes of the
parse tree. In the context of programming language compilers, the parser’s
job is to build the parse tree, and the code generator’s job is to traverse the
parse tree bottom-up and emit code fragments for the derivation symbolized
by each node. The yacc utility mentioned earlier creates code that combines
the building and executing of the parse tree into one block; the full parse tree
is never actually created. Another parser generator, Antlr, explicitly creates
the parse tree and passes it to a user-supplied program to execute it.

5 R(Y) Revisited

The above grammar (; has one serious flaw — it only describes fully paren-
thesized regular expressions. We have already seen that those are almost
unreadable, and hence almost unusable. To fix this flaw, we introduced
precedence rules that make many of the parentheses superfluous. Here is
another grammar that generates regular expressions with arbitrary paren-
thezation (but still correct nesting of parentheses): Gy = (V, T, R, E), where

e IV = {FE} is the set of variables,

e T=XU{U,*(,),0, €} is the set of terminals,



e R consists of the rules

E — EUE|EE|E*|(E)|0]e€

E — a foreverya€ X, and

e F €V is the start symbol.

This grammar can now generate regular expressions like abaa or a U ba or
(((((a))))), if one were so inclined.

6 Ambiguity

The grammar G5 still has one problem that must be fixed before it can be
used. Consider, for example, the word a U ba. It has two valid parse trees
in G5 which have different structures, see Figure 2. These two different trees
correspond to the two different orders in which the grammar can apply the
substitution rules ¥ — F'U E and F — EFE: The left parse tree in Fig. 2
corresponds to applying the rule £ — FFE first, whereas the right parse tree
corresponds to applying £/ — E U FE first. Parsing the word in the first way
will yield the regular expression ((an)a), whereas the second way will yield
the regular expression (a U (ba)). We know that these two expressions have
different meanings, i.e., they generate different languages. A grammar that
has different parse trees for one input word is called ambiguous. To be able
to use a grammar, it has to be unambiguous — a grammar for C programs
would be useless if there were two different interpretations for the meaning
of a syntactically correct program.
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Figure 2: Two different parse trees for the word a U ba in the ambiguous
grammar (5. The left parse tree interprets the expression as ((a U b)a); the
second one interprets it as (aU (ba)).

To formalize our understanding of ambiguity, we have to look at the order
of derivations instead of informally arguing about the structure of parse trees.

6



An important detail is, that sometimes derivations can be applied in different
orders, but the resulting parse trees will still have the same structure, and the
grammar will not be considered ambiguous. Consider a derivation that, at
some point, creates a string s = uAvBw, where A, B € V are variables and
u,v,w € (XU V)" are strings of variables and characters. If the grammar
contains rules A — a and B — b, then these two rules can be applied in
any order without changing the structure of the resulting parse tree. The
reason is, that the two nodes corresponding with the occurrences of A and B
in s are in different branches of the parse tree. Changing the order of two
substitutions only changes the structure if one of the two nodes is a part of
the other node’s subtree, as in Figure 2.

6.1 Leftmost Derivations

By this observation, we can now formalize the notion of ambiguity by im-
posing a specific order on independent substitutions. Let w = wyws ... w, €
(X U V)™ be a string of characters and variables, and let 1 < i < n be a
number such that w; € V and for all j < i :w; € ¥. In other words, w; is
a variable, and all symbols to the left of w; are characters. If w;, — v € R
is a rule, the derivation w; ... w;_1W;W;y1 ... Wy = Wy ... Wi 1VWiy1 ... Wy 1S
called a leftmost derivation. A derivation u = v is called a leftmost deriva-
tion, if all the derivation steps are leftmost derivations. With this definition,
a grammar is ambiguous if and only if there is a word that has two different
leftmost derivations from the start symbol.

For example, here are the two leftmost derivations for the string a U ba
in grammar Gy: F = FF = FUFFE = aUFEFE = aUbFE = aUba and
EFE=FUE=aUE=aUFE=aUbE = aUba.

6.2 Inherently Ambiguous Languages

In practice, many languages that are described by ambiguous grammars can
also be described by unambiguous grammars. We will see how to create an
unambiguous grammar for the language of regular expressions in the next
section. Some languages, however, can not be described by an unambigu-
ous grammar. These languages are called inherently ambiguous, and they
have little use in computer science, where the meaning of words of a lan-
guage should be unique. Incidentally, most natural languages have the nasty
property of being inherently ambiguous — one reason why natural-language



processing programs are not yet very sophisticated. English, for example,
is inherently ambiguous: The sentence “The boy touches the girl with the
flower” has two different meanings; which meaning is intended cannot be de-
rived from the sentence alone, but only by taking additional knowledge from
context into account.

7 R(Y) Revisited — Again

The third grammar generating R (%) will be unambiguous. It will unambigu-
osly specify regular expressions using the precedence rule discussed earlier,
and it will still be able to generate expressions having any number of super-
fluous parentheses. It is given by G5 = (V, T, R, U), where

o V={U,C,S, B} is the set of variables,
o T =XU{U*(,),0, ¢} is the set of terminals,

e R consists of the rules

U — vuc|c

C — SC|S

S — S*|(U)|B

B — 0]e

B — a foreverya€ X, and

e U €V is the start symbol.

Incidentally, these rules not only enforce the precedence rules for regular op-
erators, but they also enforce an associativity for the union and concatenation
operators. The rule U — U U C' is left-associative, i.e., an input word like
aUbUc is implicitly parenthesized as ((aUb)Uc), whereas the rule C' — SC
is right-associative, i.e., an input word like abc is implicitly parenthesized as
(a(bc)). Since both these operators are associative, the order of binding does
not matter!; for the arithmetic subtraction operator, however, ((10 —4) — 3)
is different from (10 — (4 — 3)).

IThe associativities were specified differently only to show that it can be done; a mo-
tivation that should normally be frowned upon.



It is obvious that this grammar is not as closely related to the definition
of regular expressions as the other two, and in fact designing an unambiguous
grammar for a given language is not easy. Luckily, there is an algorithm to
convert a grammar like the second one into an unambiguous one by assigning
explicit precedence levels to all “operators” in it (in the grammars above,
operators are the symbols U, the “invisible” concatenation operator o and
the Kleene Star *). The yacc utility implements this algorithm; the user can
specify precedence levels (and associativity direction) for all operators, and
yacc will clean up the specified grammar automatically.



